Abstract. The DSMC method is used to study Couette flow in a rectangular flow region in the presence of an imposed acceleration in the direction normal to the surfaces. The acceleration acts on the molecules and is proportional to the square of the difference between the local macroscopic flow velocity component in the direction of the moving surface and the magnitude of the velocity of the surface. In other words, the imposed force is proportional to the square of the velocity deficit in the flow. The boundaries in the planes normal to this velocity are periodic and the side planes are either periodic or specular boundaries. The flow region may be restricted to a thin layer in either of the planes normal to the surface and the flow is then two-dimensional. It was found that distinct transverse and longitudinal instability modes exist in the slices and the dependence of these on the Knudsen number were studied. The simultaneous presence of both the transverse and longitudinal modes in the three-dimensional flow leads to a chaotic flow with strong gradients in all three directions. At the Knudsen numbers for which results were obtained, these three-dimensional chaotic disturbances were far from homogeneous. It is expected that they will become more homogeneous as the Knudsen number falls and the typical vortex size becomes small in comparison with the height of the flow.
INTRODUCTION
During the past decade, the DSMC method has been employed to study the low-density limits of a number of flow instabilities. The centrifugal instability in Taylor-Couette flow has received the most attention and the convective instability associated with Benard cells has also been widely studied. These instabilities generally lead to steady flow patterns in rarefied gases, although the Taylor-Couette flow has been computed [1] at sufficiently high Reynolds numbers for continued flow bifurcations to be observed. Most calculations have been for two-dimensional or axially symmetric flows and the shear flow instabilities that would be expected in three-dimensional flows at sufficiently high Reynolds number have not yet been obtained. The Taylor-Couette geometry imposes limits on the magnitude of the instability mechanism, but is physically realizable and direct comparisons have been made [2] with the results of experiments with rarefied gases. This paper abandons this degree of realism and is concerned with shear flows with an unphysical imposed acceleration. A sufficient degree of forcing leads to longitudinal shear instabilities as well as strong Taylor vortices.
Consider a gas in a rectangular cavity as shown in Fig. 1 . At zero time, there is a uniform flow velocity U in the x direction and a stationary solid surface is inserted in the plane y=0 at this time. The molecules are subjected to an acceleration in the y direction that is proportional to the square of the macroscopic velocity deficit u-U. This acceleration is analogous to the centrifugal acceleration that leads to the Taylor vortices, but is associated with curved molecular trajectories rather than curved boundaries and can be set to arbitrarily large values. The planes normal to the xaxis and the undisturbed flow velocity U are periodic so that the molecules that leave across the downstream boundary immediately enter across the upstream boundary. The side boundaries normal to the z axis can be either periodic or specularly reflecting planes of symmetry. The upper boundary normal to the y axis can be either an open stream boundary or a solid surface moving with velocity U. A similar flow geometry with an imposed acceleration had previously been employed by Malek Mansour [3] in an analytical study of the onset of hydrodynamic instabilities.
When the outer boundary is open, the geometry is equivalent to Kramers problem and, with the product of U and the time t equated to the distance from the leading edge, there is an analogy between the cavity flow and that in a Lagrangian element of the boundary layer over a surface. In the case of a boundary layer over a concave surface, there is an effective centrifugal acceleration of the stream towards the surface that is reduced in the slower moving fluid layers near the surface. This means that the slower gas has an effective buoyancy that is analogous to the imposed acceleration in the flow under consideration and this leads to the Goertler vortices that form over concave surfaces. In the case of Taylor-Couette flow, the gas near the inner rotating surface is buoyant relative to the outer non-rotating gas and the cavity flow with a closed outer boundary is, as noted above, directly analogous to TaylorCouette flow. An advantage of the cavity flow over the Taylor-Couette flow is that the imposed acceleration is not necessarily fixed by the surface velocity and it can be varied or discontinued at any time. This permits the study of the decay of the vortices produced by the instability. Also, there is a possibility that some modes may become selfsustaining at sufficiently high Reynolds number. 
COMPUTATIONAL DETAILS
The scheme that is outlined in the Introduction has been implemented in a dedicated three-dimensional DSMC program called SCF for "strong chaotic flows". This program employs non-dimensional variables with distances normalized by the mean free path in the initial gas λ 0 . A Knudsen number is defined as the ratio of λ 0 to the distance h between the lower and upper boundaries so that this distance is effectively the inverse Knudsen number of the flow. Temperatures and densities ate normalized by their values in the initial gas. A hard sphere gas has been employed and time is normalized to the mean collision time in the initial gas. Velocities are normalized by the most probable molecular speed in the initial gas. A convenient macroscopic reference time is the time in which the surface or flow at the upper boundary moves a distance equal the distance between the upper and lower boundaries.
The ratio of this time to the normalized time is ò√π times the normalized upper boundary speed divided by the normalized distance h/λ 0 between the boundaries.
The flow properties were sampled on both an unsteady and a time-averaged basis. In the latter case, the sampling could be reset at any time. If a single computational cell is set in the x direction, the two-dimensional flow in the y-z plane may be studied. This will be referred to as the transverse mode. Similarly, the two-dimensional longitudinal mode in the x-y plane may be studied by setting a single cell in the z direction.
All the calculations in this paper were for the upper boundary as a moving surface rather than a uniform flow in the x direction. The initial uniform gas moves with the speed of the upper boundary and the disturbance spreads from the lower surface. The uniform flow option would be valid only up to the time that the disturbance reaches the upper boundary. While the program allows the imposed acceleration to be any exponent of the velocity deficit, all calculations in this paper set the acceleration to the square of the velocity deficit divided by 10λ0. The acceleration is therefore equal to the centrifugal acceleration corresponding to a radius of ten initial mean free paths. In addition, all calculations employ an upper surface velocity equal to the most probable molecular speed in the initial gas.
THE CONTRIBUTING TWO-DIMENSIONAL MODES Transverse Mode
This mode is analogous to two-dimensional Taylor-Couette flow and, as shown in Fig. 2 , the vortices that are formed for flow heights above 15 are almost indistinguishable from those for Taylor-Couette flow. The side boundaries in this case are periodic and this leads to an even number of vortices. The four vortices in this calculation are, to the numerical resolution of the calculation, identical and the flow appears to be steady. The path lines are based on an average from time tU/h =24 to 62 and, while there is more scatter associated with the "unsteady" samples that are taken over a short time interval, there is no significant difference between the unsteady and steady flows. The vertical velocity components range from -0.47 to 0.87 and are therefore comparable with the upper surface velocity of 1.0. As the Knudsen number decreases, the vortex cells start to vary with time and become less uniform. Unsteady rather than steady sampling must be used and Fig. 3 shows the path lines at time tU/h =20 for a plate spacing of 240 initial mean free paths. There are still four vortices that span the full height of the channel, but they are irregular. The vertical velocity components at this time range from -0.9 to 2. 
Longitudinal Mode
The average skin friction versus inverse Knudsen number curve for this mode is also shown in Fig. 5 . There are no disturbances until the channel height reaches 30 initial mean free paths, but their effect on the skin friction is then even more pronounced than in the case of the transverse mode. The flow at an inverse Knudsen number of 60 was time-averaged from time 4500 to 24000, or tU/h from 66 to 350. As shown in Fig. 6 , the average flow is parallel with an "S-shaped' velocity profile. The temperature ratio is about 1.25 near both the surfaces with a maximum just over 1.8 at a height ratio of 0.7. The density ratio ranges from 0.6 near the lower surface, 0.83 over a large region near the center, and up to 2,2 near the upper surface. There is a large velocity slip in the relatively low density flow adjacent to the lower surface, but the velocity near the upper surface exceeds the surface velocity. This contrasts with a near linear velocity profile with slip at the surfaces in the absence of disturbances. For the conditionshave been adopted in these calculations, the longitudinal instability commences at an inverse Knudsen number of 30. Figures 7 and 8 are for an inverse Knudsen number of 60 and the longitudinal instability appears in the unsteady path lines primarily as irregularly spaced upsurges of the gas that has been slowed by the stationary lower wall. This leads to a wave like flow that, as shown in Fig. 7 , can contain an occasional vortex. Figure 8 shows the same flow in the disturbance frame of reference in which the velocities are relative to those in the mean macroscopic velocity field. The waves then become vortices that occupy the full height of the flow and the occasional vortex is a portion of the stronger counter-rotating vortices. Figure 5 shows a marked increase in the skin friction coefficient when the inverse Knudsen number is about 100. The unsteady path lines at an inverse Knudsen number of 120 are shown in Fig. 9 . The characteristic "wave" is complex and there are multiple vortices. The magnitude of the velocity exceeds 6U and the maximum temperature ratio exceeds 36! The imposed acceleration is (U-u) 2 /(10λ 0 ) and the excursion in c f occurs when the velocity component in the x direction becomes much larger than the upper wall velocity U. This can be avoided by placing a limit on the acceleration and Fig. 10 shows the disturbance path lines when the acceleration is limited to U 2 /(10λ 0 ). The extreme velocities and temperatures no longer occur and skin friction coefficient falls to 0.13, which is in line with the earlier trend. However, the complex flow structure with the large number of relatively small vortices is still present. Note that the excursion could well be an artifact of the two-dimensional geometry in which large v velocities convert entirely to u velocities at the upper surface. The effect would be either delayed or absent in threedimensional flows. 
THREE-DIMENSIONAL FLOW
A three-dimensional calculation has been made for a cavity extending 420λ0 in the x direction, 120λ0, in the y direction, and 360λ0 in the z direction. As in the two-dimensional cases, the upper surface moves in the x direction with speed U equal to the most probable speed in the undisturbed gas and the imposed acceleration was an unrestricted (U -u) 2 /(10λ0). The flow became fully developed, in that the average shear stresses on the two surfaces became equal and opposite, at a time when the upper surface had moved about seven or eight times the height h between the surfaces. Figures 11 to 15 illustrate the flow at time tU/h = 14.4.
The flow path lines in the transverse planes normal to the x axis that are shown in Fig. 11 are based on the velocity components that lie in that plane. The flow patterns may therefore be compared with those from the twodimensional transverse mode calculations. The path lines for the inverse Knudsen number of 120 would be intermediate between those shown in Figs. 2 and 3 . The path lines in Fig. 11 are much more irregular than those in the corresponding two-dimensional case. Moreover, they change significantly between each of the transverse planes that have a spacing slightly less than the height h of the flow. The velocity components in the y direction range from -0.9U to 2.2U and those in the z direction from -0.9U to 0.9U. The asymmetry in the y direction is presumably due to the imposed acceleration acting in this direction. The velocity components in the x direction range from -0.4U to 1.4U. There is no sign of the excursion in the macroscopic properties that occurred at this Knudsen number in the two-dimensional longitudinal flow. The mean skin friction coefficient on the lower surface is 0.11
The spacing of the longitudinal planes in Figs. 12 and 13 is equal to h and the results in the two frames of reference are qualitatively similar to those for the two-dimensional longitudinal mode. There are significant changes in the path lines from plane to plane, although it appears that these changes are less pronounced than those in the transverse planes. This is confirmed by the shear stress coefficients in the x and z directions on the lower surface that are plotted in Fig. 14. The areas of low skin friction mark the upsurges of gas from the lower surfaces and these are generally elongated in the z direction. This might suggest that the longitudinal mode is stronger than the transverse mode at this Knudsen number. On the other hand, the magnitudes of the skin friction fluctuations are of very nearly the same magnitude in each direction. Most of the vortices span the full height of the flow and the twodimensional calculations suggest that this will cease to be the case at lower Knudsen numbers.
While the combination of the transverse and longitudinal modes in the three-dimensional flow has led to strong gradients in all three directions, the disturbances are not homogeneous. Figure 15 shows the path lines based on the velocity components in the x and z directions relative to the time averaged flow in the plane y=60λ 0 . There is an indication that vortices may be forming, but the path lines are influenced mainly by the vertical flow disturbances that appear as sources and sinks in this plane. The disturbances should become more homogeneous at Knudsen numbers that are sufficiently low for the average vortex size to be small in comparison with the flow height h. 
DISCUSSION AND CONCLUSIONS
The three-dimensional calculation that yielded the above results for an inverse Knudsen number of 120 employed 20 million simulated molecules and ran for about a week on a 2 GHz personal computer. The mean separation distance between collision partners was generally greater than the local mean free path and the criterion for a good DSMC calculation was not quite met. However, calculations that fully met all the criteria were made for an inverse Knudsen number of 60 and the results were very similar. These suggested that the transverse (or TaylorCouette) mode was marginally dominant at the lower density and the reverse may have been the case in the current calculations. Calculations are needed for inverse Knudsen numbers above 200 and these are now feasible with relatively modest parallel computers or PC clusters. In addition, the three-dimensional disturbances are expected to become more homogeneous as the Knudsen number falls.
The current calculations have covered only a very small region of the potential parameter space associated with the problem. Extension to weaker forcing will provide information on the size of the computational task that will be required to apply the DSMC method to physically realizable three-dimensional chaotic flows. The most striking feature of the current calculations is the degree of complexity that can exist in a three-dimensional volume that is small in terms of the number of cubic mean free paths. Even though the overall speed ratio is only unity, the velocity gradients are comparable with those in strong shock waves and the Navier-Stokes equations would not be adequate for this flow.
